We propose to employ multi-color narrow-bandwidth pulses to dissect the quantum pathways in two-dimensional correlation spectroscopy (2DCS) optical signals generated along the phase-matching directions k I = −k 1 + k 2 + k 3 (photon echo) and k III = k 1 + k 2 − k 3 (double quantum coherence). Simulations demonstrate how the resolution of 2DCS signals in GaAs quantum wells may be enhanced by spectrally selecting desired Liouville-space pathways. Pulse-shaping techniques may be used to further enhance the resolution.
Introduction
Interference among different quantum pathways is one of the most fundamental and fascinating aspects of quantum mechanics. However, it complicates the analysis of the nonlinear optical response of semiconductors in terms of many-body interactions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Two-dimensional correlation spectroscopy (2DCS) techniques [15] [16] [17] [18] [19] [20] , the femtosecond analogs of multi-dimensional NMR [21] , spread the congested one-dimensional four-wave mixing (1D FWM) signals along two frequency axes. 2DCS allows us to separate some quantum pathways and combine the information to enhance the resolution [22] . However, this separation is not always complete. For example, for the double-quantum-coherence (S III ) technique [23] , in GaAs quantum wells (SQWs) within the rotating wave approximation (RWA), there are six pathways involving heavy-hole (HH) excitons and pure HH two-excitons, and six pathways involving LH excitons and pure LH two-excitons. If quantum interference among HH and LH excitons are included, then an extra 24 pathways arising from mixed two-excitons will be added.
In this paper we explore ways for controlling and minimizing these interferences. We first show how to isolate quantum pathways in the S I (photon echo) signal generated along the phase-matching direction, k I = −k 1 + k 2 + k 3 , by employing narrow-bandwidth pulses. Within the RWA, there are three types of quantum (Liouville-space) pathways [24] .
These are known as ground-state bleaching (GSB), excitedstate emission (ESE) and excited-state absorption (ESA). Narrow-bandwidth excitations can select desired pathways. We then use the same approach to enhance the S III signals along the phase-matching direction k III = k 1 + k 2 − k 3 . In a previous study [23] , we proposed to use different polarization configurations of the optical pulses for probing various twoexciton correlations. Pure HH or LH (but not mixed) twoexcitons are resolved. Here we show that mixed two-excitons can be selected and resolved. We further propose to employ pulse-shaping to suppress undesired signals.
Excitons and two-excitons in semiconductor quantum wells
The optical spectrum of GaAs SQWs connects a J = valence band is usually neglected due to off-resonance). The conduction band can thus be accurately represented by two conduction orbitals J z = ± (LH) states [25, 26] . The dipole selection rules are presented in figure 1 . The allowed transitions are denoted by R and L arrows, representing right and left circularly polarized photons, respectively.
The transition from J z = − ) and (
) can be generated by R and L photons, respectively. Two HH excitons can form pure HH twoexcitons, denoted hereafter by f H , either bound or unbound, depending on whether the two HH single excitons are with opposite or same spins. Pure LH two-excitons ( f L ) can be formed by two single LH excitons. A single HH exciton and an LH exciton can also form a mixed two-exciton (denoted by f M ). Only HH excitons and pure HH bound two-excitons have been well understood in the past. So far there are no experimental reports on the pure LH two-excitons due to their weak strength. The study of mixed two-excitons [27, 28] might be even more complicated because different quantum wells might have different dominance from either holes or electrons. So it is not straightforward to determine whether bound or unbound mixed two-excitons are generated because this might be related to specific systems.
Dissecting photon-echo 2DCS signals with narrow-bandwidth pulses

Feynman diagrams
2DCS employs four femtosecond laser pulses. Three time delays t 1 , t 2 and t 3 are controlled between the chronologically ordered pulses k 1 , k 2 and k 3 and the last (heterodyne) pulse, k s . In this section, we focus on the photon-echo signal S I ( 3 , t 2 , 1 ) projected into the 2D plane ( 3 , 1 ) , where 3 and 1 are, respectively, the Fourier frequencies conjugate to the time delays t 3 and t 1 [18] . We first present the Feynman diagrams [24] and the corresponding schematic 2DCS. The diagrams shown in figure 2 are generated from the three basic diagrams of the S I signal by including all contributions of HH (e H ) and LH (e L ) exciton transitions [18] . The diagrams are grouped accordingly.
Schematic photon-echo signals in the projection
The photon-echo signal S I ( 3 , t 2 , 1 ) expected from the diagrams of figure 2 is schematically shown in figure 3 . 
Separation of excited-state emission
In [29] , we showed that the ESE (the dominant Raman coherence between HH and LH excitons) contributions may not be isolated in the common S I ( 3 , t 2 , 1 ) projection but can be isolated with the S I ( 3 , 2 , t 1 ) projection. Here we demonstrate that, with narrow-bandwidth excitations, it is easy to isolate the Raman coherence in the S I ( 3 , t 2 , 1 ) projection. We first employ a pulse sequence (LH, HH, LH), where the first, second and third pulses can, respectively, excite only LH, HH and LH excitons due to their different colors and narrow spectral width. This pulse sequence selects only pathways (iic) and (iiic) in figure 2 and the corresponding schematic 2DCS is shown in figure 4 (bottom left). If we choose a different pulse sequence (HH, LH, HH), then the other two pathways (iid) and (iiid) are selected. The corresponding schematic 2DCS is shown in figure 4 (bottom right). Thus with these two pulse sequences, the ESE contributions ((iic) and (iid)) no longer overlap with the other dominant contribution from GSB pathways ((ic) and (id)) in photon-echo signals.
We next present numerical simulations based on a multiband 1D tight-binding Hamiltonian [30] [31] [32] for a GaAs quantum well. The Heisenberg equations of motion derived from this Hamiltonian are closed by the dynamics-controlled truncation scheme [33, 4] . This 1D tight-binding model with simplified Coulomb interactions can include HH and LH excitons and their continuum states in a tractable way and qualitatively account for various features of 1D four-wavemixing [32] and 2DCS signals [19, 23, 22] . We employ the same semiconductor quantum well parameters as in [23] which gives an LH-HH splitting of 3.8 meV and a binding energy of 1.2 meV for pure HH two-excitons. The optical fields are
Here
is the envelope of the positive-(negative)-frequency component of the αth pulse (α = 1, 2, 3, 4) centered at t α , with carrier frequency ω α , polarization unit vector e α and wavevector k α . We assume Gaussian envelopes for all pulses: Figure 5 shows simulated 2DCS signals using the same pulse sequences as in figure 4 . We obtain the expected cross peaks as schematically shown in figure 4. Here we find that ESE signals (or the Raman coherence [29] ) can be isolated in the 2D plane ( 3 , 1 ) with narrow-bandwidth pulses. However, this is impossible with broad-bandwidth pulses [29] .
Separation of ground-state bleaching
With broad-bandwidth excitations, the GSB contributions may not be resolved in any 2D projection. In the S I ( 3 , t 2 , 1 ) projection shown in figure 3(s), (ic) (GSB) and (iic) (ESE) are both dominant and completely overlap with each other. The same is true for (id) (GSB) and (iid) (ESE) pathways. In the S I ( 3 , 2 , t 1 ) projection, the GSB pathways cannot be resolved either [29] .
We next show that the GSB can be isolated with narrow-bandwidth excitations in the S I ( 3 , t 2 , 1 ) projection. Using (LH, LH, HH) and (HH, HH LH) pulse sequences, as described in figure 6 , the cross peaks in the simulated signals shown in figure 7 represent pure GSB contributions.
We note that the ESA contributions always couple with either ESE or GSB and may not be separated. For example, in figure 4 , diagram (iic) (ESE) is always coupled with (iiic) (ESA). In figure 6 , we always have diagram (ic) (GSB) and (iiib ) (ESA) coupled together. However, in GaAs, the ESA contributions are usually very small as compared to the other two pathways.
Dissecting double-quantum-coherence (2DCS) signals with narrow-bandwidth excitations
Feynman diagrams
We now turn to the k III = k 1 + k 2 − k 3 signal (adopting the notation of [23] .), S III ( 3 , 2 , t 1 ). This technique has been shown to be particularly sensitive to two-exciton correlations in quantum wells [22, 23, 34] , photosynthetic complexes [35] and in vibrational excitons [36] . The two basic pathways that contribute to the signal within the RWA are represented by the two basic double-sided Feynman diagrams shown at the bottom of figure 8.
These result in the 12 pathways shown in figure 9 if we enumerate e and f as (e H , e L ) and ( f H , f L , f M ), respectively. These are separated into three groups (A), (B) and (C). The expected 2D spectrum is schematically shown in figure 10 .
To select the desired quantum pathways, we employ spectrally narrow pulses. Group (A) is eliminated by using a spectrally narrow first pulse k 1 that only excites HH but not LH excitons. If the second pulse is spectrally narrow as well, and tuned to the LH excitons, then group (B) is eliminated and only four quantum pathways (group (C)) survive. Finally, assuming a spectrally narrow third pulse k 3 that only excites HH excitons, we can further eliminate pathways (viiia ) and , HH) where the first, second and third pulses only excite LH, LH and HH excitons, respectively (top), and the corresponding 2DCS signal (bottom); (right) a pulse sequence (HH, HH, LH) where the first, second and third pulses only excite HH, HH and LH excitons, respectively (top), and the corresponding 2DCS signal (bottom). The origin for 2D spectra is at (e H , e H ). Both t 2 and the initial value of t 1 take a value of 1.5 ps.
(viid) from group (C) and we are left with the two pathways shown in figure 11 (top) . The schematic 2D spectrum is given at the bottom.
Thus, by selectively exciting either HH or LH excitons, we can reduce the complicated 2D spectrum (figure 10) with the 12 pathways of figure 9 to the spectrum shown in 
Simulations of multi-color 2DCS with double-quantum-coherence
To demonstrate the advantage of signal dissection by narrowbandwidth pulses, we first present in figure 12 (A) the absorption spectrum and pulse power spectra used in [23] which span both HH and LH excitons but not the continuum states. The pulse polarization configuration is XRLR, where the indices are chronologically ordered from right to left, i.e. k 1 is R, right circularly polarized; k 2 is L, left circularly polarized; k 3 is R, right circularly polarized; and the heterodyne pulse k s is X, linearly polarized in the X direction. This pulse sequence resolves the binding energies of pure HH and LH two-excitons, as respectively given by peaks (m, n) and (c, d) in figure 12(C) [23] . However, the binding energy of mixed two-excitons is not resolved because, apart from the peaks (m, n) induced by HH two-excitons, there are no peaks below either peak (e) or (f) 1 . This is due to two reasons. First, when the quantum well is excited by broadband pulses, all 36 pathways interfere and the information from mixed twoexcitons is obscured by other stronger signals. Second, for the XRLR polarization configuration, the time-dependent HartreeFock (TDHF) contribution from mixed two-excitons (peaks (e) and (f)) is dominant [23] which complicates the probing of the binding energy of mixed two-excitons that goes beyond TDHF.
With the same broad-bandwidth pulses but different polarization configuration (XRRR) ( figure 12(B) ), we can eliminate the TDHF contribution from mixed two-excitons and 1 There are indeed some features below peak (e). However, they are artificial features and change when calculated with different basis sets, as shown in [23] . have only the higher-order correlation effects left. However, we still could not infer either the red-or blueshifted scattering energy among mixed two-excitons, as shown in figure 12(D) .
Let us probe the correlation energies of mixed twoexcitons [27, 28] with narrow-bandwidth pulses.
The absorption spectrum and the power spectra (|E α (ω)| 2 ) of the various pulses used in our simulations are shown in figure 13 . The corresponding 2D spectra are respectively given in figure 14 . We first focus on the binding energy of mixed twoexcitons and still employ the XRLR polarization configuration. The pulses can excite either HH or LH excitons, but not both. The first, second and third pulses are spectrally narrow and can only excite HH, LH or LH excitons, respectively. The power spectra of the three pulses are shown in figure 13(A) and the resulting 2D spectrum which depends on two pathways ( figure 11 top) is shown in figure 14(A) . All 2D spectra in figure 14 are calculated with 20 sites with periodic boundary conditions [32] . Figure 13 (A) selects mixed two-excitons in region 2 of figure 10 . Thus the signal in figure 14(A) is solely attributed to mixed two-excitons and their binding energy can be clearly seen from the 2 value of peak (b), relative to the bare mixed two-excitons with 2 = e H + e L ≈ 4 meV. The 2 value of peak (b) can be read precisely from the white line connecting the ridges of involved contour lines, even though peak (b) is not resolved along 3 . For the specific parameters [23] used in our simulations, the binding energy of mixed two-excitons is around 2.3 meV. However, this number expects to vary for different semiconductor materials and various quantum well widths.
The same technique can be used to resolve the even weaker blueshifted scattering energy among mixed twoexcitons. In figure 13(B) , we employ the same XRRR polarization configuration but with multi-color narrowbandwidth pulses. The 2D spectrum ( figure 14(B) ) clearly reveals the blueshifted scattering energies of mixed twoexcitons by the 2 value of peak (b), relative to the bare mixed two-excitons peak (a).
We next turn from region 2 to region 3 in figure 10 in order to probe mixed two-excitons. Using the Feynman diagrams, we expect to obtain the same results from this region. To select region 3, we detune the three pulses as Figures 14(C) and (D) used circularly polarized pulses to eliminate the corresponding TDHF contribution. We can also resolve correlation energies of mixed two-excitons by employing collinearly polarized pulses. Figures 14(E) and (F) are obtained with XXXX polarization configuration but with different detunings of pulse center frequency (figures 13(E) and (F)) and slightly different pulse bandwidths. In this case, we cannot suppress the TDHF contribution of a certain type of two-excitons to highlight the beyond-TDHF contribution [23] . However, we can still tune the carrier frequencies to control the relative strength of the TDHF contribution compared to higher level contributions. From figures 14(E) and (F), we can clearly see the binding and scattering energies of mixed two-excitons.
Discussion
In figure 11 we selected half of the pathways in region 2 of figure 10 . We eliminated the influence of pure HH (or LH) two-excitons in the probing of mixed two-excitons and the possible interferences among pathways arising from mixed Figure 14 . Simulated S III ( 3 , 2 , t 1 ) spectra (t 1 = 1.2 ps) for the pulse configurations shown in figure 13 . The origin of the 2D spectra is at (e H , 2e H ).
two-excitons. In figure 11 (bottom), we retain the signals coming from two mixed two-exciton pathways and turn off the other two (comparing the signals in region 2 of figure 10 where both blue and green symbols coexist and the signals at the bottom of figure 11 which only show green symbols). With this pulse sequence, we show by numerical calculations that multi-color 2DCS can improve the resolution to mixed twoexcitons. Unlike the techniques based on polarized pulses [23] which depend specifically on the selection rules, the multicolor 2DCS technique can be applied to general molecular electron-hole systems. Finally, similar to selecting either region 2 (figures 14(A) and (B)) or 3 (figures 14(C)-(F)), we can also design pulse sequences that only show regions 1 or 4, which will yield high resolution of pure HH or LH twoexcitons.
Suppressing undesired signals with pulse-shaping
Considering only HH excitons, the two pathways in S III contribute to the signal.
Both pathways contain some contributions (e.g. those from bare two-excitons with twice the single-exciton energy) that can generally affect the resolution of two-exciton correlations. We cannot probe both the bound and unbound two-excitons in one shot but must observe them in different experiments [22] .
To suppress the bare two-exciton contribution from the irreducible pathways, we can use the same color but shaped pulses [37, 38] . We employ shaped pulses with double peaked spectrum to the red and blue of HH excitons, given by equation (3) . Such pulses have been generated by cutting out of the spectrum of a broadband Ti:sapphire laser pulse to 
The pulses have the same carrier frequency, ω α , and shape: two Gaussian peaks at ω A and ω B (top of figure 15 ), which are off resonant from the HH excitons at ω = 0 meV. This pulse may be used to investigate the HH excitons using the same parameters of [31] . The exciton and two-exciton dephasing times are set, respectively, to τ ex = 2 ps and τ 2ex = 1 ps. Because all pulses are detuned from the HH excitons, we expect the influence of bare two-excitons to be significantly suppressed. The 2D spectrum shown in the bottom left of figure 15 is calculated using pulses with the same two-peaked spectrum (top left). The red-and blueshifted correlation energies of mixed two-excitons are respectively given by peaks (b) and (a). Note that these correlation energies are observed simultaneously in a single 2D spectrum. In the right column of figure 15 , we employed different two-peaked pulses with a larger splitting between ω A and ω B . As expected, we obtain the same correlation energies given by peaks (a) and (b). However, the bare two-exciton contributions are further suppressed due to the larger splitting of the two peaks in the pulse spectrum.
In conclusion, we proposed to employ multi-color narrowbandwidth pulses to selectively detect specific pathways in photon-echo signals and electronic correlations of mixed twoexcitons in double-quantum-coherence (2DCS) signals. The quantum pathways are controlled by designing multi-color narrow-bandwidth pulses and eliminating some undesirable pathways. This cancels some quantum interferences that usually prevent the observation of some weak features.
